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ABSTRACT

Frequency invariant beamforming aims to parametrize array fil-
ter coefficients such that the spectral and spatial response pro-
files of the array can be adjusted independently. Solutions to this
problem have been presented for particular array geometries and
rely often on inversion formulas for Fourier or spherical harmon-
ics. These decompositions are analytically appealing but require
a larger number of sensors and/or a regular microphone spacing.
However, in practical applications the number and location of sen-
sors are often restricted. This paper proposes to use a linear ba-
sis that optimally reproduces a desired spatial response pattern for
each frequency. This numerical least-squares inversion is appli-
cable to arbitrary sensor configurations for which typically no ex-
act analytical inverses are available. This basis can be combined
further with spherical harmonics resulting in a readily steerable
and low dimensional parametrization. This solution to frequency
invariant beamforming effectively decouples the array geometry
from the steering geometry. Here the method is demonstrated for
the optimal design of the far-field response of an irregular linear ar-
ray with as few as 3 microphones combined with Legendre polyno-
mials to control the azimuth orientation of the frequency-invariant
beam.

1. INTRODUCTION

An array of spatially distributed sensors can be made selective in
space and frequency by filtering and summing the output of multi-
ple sensors. The spectro-spatial response profile is determined by
the filter coefficients. Changing a given coefficient will typically
affect both the frequency as well as the spatial response profile.
This spectro-spatial coupling complicates filter design as well as
adaptive algorithms. The goal of this work is to find a parametriza-
tion of the filter coefficients that decouples the spatial selectivity
from the frequency selectivity for arbitrary array configurations.

2. FREQUENCY INVARIANT BEAMFORMING

Denote the filter coefficients of the n-th sensor in the frequency do-
main as cn(k). Frequency here will be given in terms of the wave
number, k = 2π/λ = ω/c. Consider a plane wave impinging on
the array with orientation Ω = (ϑ, ϕ), where ϑ and ϕ are elevation
and azimuth.1 We will refer to Ω also as the look direction. The

1The notation here will consider only the far-fi eld response. But it is
possible to generalize the argument to the near-fi eld by replacing plane
waves of orientation Ω with point sources located at positions r.

response of the filter array with N sensors is given by

f(k, Ω) =
NX

n=1

cn(k)gn(k, Ω), (1)

where gn(k, Ω) is the response of the n-th sensor to the plane
wave with orientation Ω at frequency k. For sensors with omni-
directional response located at r′n = (r′n, Ω′

n) this is given by [1]

gn(k, Ω) =
∞X

l=0

iljl(kr′n)
lX

m=−l

Y m
l (Ω)Y m∗

l (Ω′
n), (2)

where jl(kr) are spherical Bessel functions of the first kind, Y m
l (Ω)

are spherical harmonics, and i2 = −1. The response of a spher-
ical array is given by (2) with r′

n = r′. For a circular array with
ϑ′

n = π/2 and ϑ = π/2 Equation (2) becomes [2]

gn(k, Ω) =

∞X
l=−∞

ilJl(kr′)eil(ϕ−ϕ′

n
), (3)

where Jl(kr) are Bessel functions of the first kind. For a linear
array with ϕ′

n = 0 it is [3]

gn(k, Ω) = e−ikr′

n
cos ϑ. (4)

Equation (1) can be seen as parametrization of the filter-array
response for each frequency k with coefficients cn(k), and basis
functions gn(k, Ω). Modifying coefficients cn(k) will affect the
frequency and spatial response simultaneously because gn(k, Ω)
depends on both the frequency k and look direction Ω. The goal of
frequency-invariant beamforming is to find a new parametrization
for cn(k)

cn(k) =

MX
m=1

bnm(k)c̃m(k) (5)

such that the basis transform bnm(k) converts the array response
into a frequency-invariant array response

NX
n=1

gn(k, Ω)bnm(k) = g̃m(Ω). (6)

The basis transform replaces the N sensors indexed with n
by a new set of M virtual sensors indexed with m. These virtual
sensors are now frequency-invariant. This basis transform, in turn,
factorizes the filter-array response, which is seen by combining
Equations (1), (5), and (6)

f(k, Ω) =
MX

m=1

c̃m(k)g̃m(Ω). (7)
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Comparing this equation with (1) it becomes clear that now
modifying the new parameters c̃m(k) will affect the spatial re-
sponse profile only at frequency k. In fact, the spatial response
profile of the filter array is fully determined by coefficients c̃m(k).
In particular, a frequency-invariant beamformer is obtained by choos-
ing the same coefficients for all frequencies, c̃m(k) = c̃m.

3. ANALYTIC INVERSION APPROACHES

Obviously the challenge lies in finding a basis transform bnm(k)
that satisfies (6) – even if only approximately. Elegant approxima-
tions based on analytic inversion formulas have been presented for
spherical [1], circular [4, 2], linear [3], and rectangular [5] arrays.
Equations (2)-(4) may already give an indication of possible ap-
proaches. To give a rough idea of these methods consider the case
of a circular array. For a spherical array one may choose

bnm(k) = N−1i−mJ−1
m (kr) e−imϕn . (8)

Inserting this in (6) gives indeed a frequency-invariant func-
tion of space, g̃m(ϕ) = e−mϕ, assuming that the following or-
thogonality condition holds for any l, m

1

N

NX
n=1

ei(l−m)ϕn = δlm. (9)

Unfortunately this is only correct for |l| ≤ N , and only if the
N sensors are placed on an equidistant lattice along the circular
array. As a result, equation (6) is only approximately correct. For
circular and similarly for spherical arrays the approximation can
only be improved with a larger number of sensors and the lattice
must be carefully arranged to match the analytic inversion formu-
las [1, 4]. The same is true for linear and rectangular arrays. In ad-
dition, for those configurations the angular response profile at any
given frequency only partially determines the required Fourier ba-
sis coefficients [3]. Arbitrary Fourier coefficients are chosen out-
side the determined range, further compromising the accuracy of
the approximations. Finally, spherical and circular arrays may not
be feasible in some practical applications.

4. LEAST SQUARES SOLUTION

In this work we aim to directly minimize the approximation er-
ror resulting from the restricted number of sensors and overcome
the restrictions on sensor locations imposed by the analytic inver-
sions. We suggest to simply invert Equation (6) numerically. To
this end discretize the look directions with L angles Ωj and write
the equation (6) in matrix notation

G(k)B(k) = G̃, (10)

where [G(k)]jn = gn(k, Ωj), [B(k)]nm = bnm(k), and [G̃]jm =
g̃m(Ωj). The new desired spatial basis vectors can be defined in
the columns of G̃(k) while G(k) is determined by the array con-
figuration. For each frequency k Equation (10) specifies ML con-
ditions with MN unknowns. Typically we have only a few sensors
and would like to parametrize the response for many different look
directions. With L > N the problem is therefore over-determined.
The Least Squares solutions to this problem, i.e. the B that will
reproduce G with the smallest square error, is computed with the
pseudo-inverse, G† = (GH

G)−1
G

H ,

B(k) = G
†(k)G̃. (11)

Note that the discretization of the look directions is only used
to compute the new basis bin(k). When applying the basis the
look direction can take on any arbitrary values. For a given array
geometry the basis is computed once for each frequency k and
remains unaltered by subsequent beam design.

The accuracy of the proposed method depends on how well G
can be inverted, i.e. how well can G̃ be represented by b: ε =
‖GB− G̃‖2 = ‖GG

†
G̃− G̃‖2. This is the minimum attainable

square error in satisfying the factorization condition (6). Any other
basis transform is suboptimal (in the least squares sense).

5. BEAM STEERING

Ideally the new spatial basis g̃(Ω) should be easily steerable. With
steering we mean that the overall orientation of a beam can be ro-
tated without changing its spatial profile. The convolution theorem
of the spherical harmonics provides the required property: Multi-
plying the transformed domain coefficients is equivalent to con-
volving in angular space. To rotate a given beam pattern by and
angle Ωo one multiplies therefore with the coefficients of the cor-
responding shift operator, i.e. the delta function δ(Ω − Ωo). The
natural choice for g̃m(Ω) will be therefore spherical harmonics [1]
(omitting index l here for consistency)

g̃m(Ω) = Y m
l (Ω). (12)

In case of a linear array one can only steer in ϑ direction (be-
cause of the radial symmetry in ϕ) in which case the spherical
harmonics simplify to the Legendre polynomials

g̃m(Ω) = Pm(cos ϑ). (13)

A basis transform bnm(k) that converts the array response
gn(k, Ω) to this desired array response g̃m(Ω) effectively decou-
ples the problem of steering the geometry from that of the array
geometry. In previous approaches the ability to steer seemed in-
evitably linked to the choice of array architecture and the corre-
sponding analytic inversion formulas.

6. APPLICATION TO ADAPTIVE BEAMFORMING
DESIGN

The time domain output y(t) of the filter array in response to sen-
sor readings xn(t) is given by the convolution and sum

y(t) =

NX
n=1

cn(t) ∗ xn(t) =

MX
m=1

c̃m(t) ∗ x̃m(t). (14)

The second equality here results from Equation (5) and the
following definition of the frequency-invariant virtual sensor read-
ings

x̃m(t) =

NX
n=1

bnm(t) ∗ xn(t). (15)

This suggests that adaptive algorithms which are driven by the
sensor observations can be applied to the signals of the newly de-
fined frequency-invariant virtual sensors. Instead of optimizing
filter parameters cn(k) based on sensor readings xn(t) the adap-
tive algorithm now adapts parameters c̃m(k) based on virtual sen-
sor readings x̃m(t). All known adaptive beamforming algorithms
are therefore immediately applicable without further modification
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such as generalized sidelobe-canceling, blind sources separation,
and others.

To find an optimal frequency-invariant response the adaptive
algorithm will now optimize the (frequency-invariant) parameters
c̃n. If the algorithm is based on a gradient of some cost func-
tion E({c̃n(k)}) with a set of frequency dependent parameters
{c̃m(k)} the frequency-invariant gradient is then simply the orig-
inal gradient summed over all frequencies

∂E

∂c̃m

=
X

k

∂E

∂c̃m(k)
. (16)

Note that this has the potential to significantly reduce the num-
ber of free parameters. For most adaptive algorithms this will re-
sult in a significant improvements in convergence speed as well as
estimation accuracy. This comes as additional benefit to the poten-
tial advantage of a frequency-invariant response.

7. IMPLEMENTATION FOR IRREGULAR LINEAR
ARRAY

The proposed method was implemented for a linear array of omni-
directional sensors and Legendre polynomials as the beamforming
basis i.e. Equation (4) and (13). Notice that Equation (4) does not
require equidistant sensor placement. The least-squares solution of
Equation (11) is used to compute the basis transform. To this end
the angular space (which now contains only elevation ϑ) was dis-
cretized with L samples zj = cos(ϑj) in the range z ∈ [−1, 1] and
equidistant spacing Δz.2 Choosing Legendre polynomials (13)
as the frequency-invariant virtual array response in Equation (11)
means that we set with [P]mj = Pm(zj)

G̃ = P
T . (17)

To demonstrate the effectiveness of the resulting basis we will
now determine the optimal coefficients c̃ that produce a desired
frequency-invariant response. Assume the prescribed response is
specified as a vector f with coefficients fd, each of which rep-
resents the desired response for angles θd, d = 1, . . . , D. The
response of the array at those angles can be written in matrix nota-
tion as

f = GBc̃, (18)

where the coefficients of matrix G are given by [G]dn = gn(θd)
specifying the response of the n-th sensor for the desired angle
θd. The goal is to find the coefficient c̃ that reproduce the desired
response f . With N sensor one can satisfy at most N conditions on
the response. A larger number of conditions can only be satisfied
approximately. The coefficients that reproduce f with the least
squares error are given by

c̃ = (GB)† f . (19)

2Equidistant spacing in z rather than ϑ is not essential for equation
(11). However, it is benefi cial for the parametrization with the Legen-
dre polynomials. With this discretization we can transform a function
f(z) to its Legendre coeffi cients c̃m by applying a matrix P to vector
[f ]j = f(zj): c̃ = Pf . This transformation is then inverted by applying
the transpose P

T to vector [c̃]m = c̃m: f ≈ P
T
c̃. This last approxima-

tion is exact if dim(f) = dim(c̃), while the error is well controlled for
dim(f) > dim(c̃) [6]. Note that this error is not essential for the current
method. It only matters in terms of defi ning a desired spatial profi le with
a limited number of coeffi cients. The true limitation and accuracy of the
proposed approach lies is the error ε discussed above.

To demonstrate the advantage of using the Legendre basis we
will compare this with the coefficient obtained in a naive frequency-
invariant basis with [G̃]jm = δjm in Equation (11). In that case
the previous equation becomes

c̃ =
“
GG

†
”†

f . (20)

Figure 1: Magnitude response of frequency-invariant filter ar-
ray as a function of azimuth and frequency (top and bottom
rows). Middle row shows corresponding time domain coeffi-
cients. Left: 5 sensors positioned at rn = 0, 5, 7.5, 17.5, 20 in
cm. Desired response specified as fd = 0, 0, 1, 0, 0 for angles
ϑd = −80o,−40o, 0o, 40o, 80o. Right: 3 sensors positioned at
rn = 0, 3, 6 in cm. Desired response specified as fd = 1, 0, 1 for
angles θd = −80o,−10o, 60o.

8. RESULTS

In Equations (18)-(20) the dependence on frequency k was omit-
ted for simplicity. We compute the optimal parameters with (19) or
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(20) and use their average value across frequencies. Though sub-
optimal we find this result not only simpler but also more robust
compared to the ’optimal’ solution which would require combin-
ing all frequencies prior to computing the pseudo-inverses in (19)
or (20).

When computing the basis B with (11) we find that for the
lowest frequencies G

H(k)G(k) is ill-conditioned and therefore
cannot be accurately inverted in the pseudo-inverse G

†(k). This
is to be expected since for very low frequencies (large wavelength)
a limited aperture prevents effective spatial resolution. Similarly,
for high frequencies the finite spacing of sensors (recall the goal
of using only a small number of sensors) generates aliasing side-
lobes, once again leading to a non-invertible G

H(k)G(k). This
limitation is inherent to any beamforming design and is typically
resolved by restricting the frequency band of operation. This has to
be taken into account in particular for frequency-invariant beam-
forming designs since otherwise non-invertible frequency bands
will disrupt the estimates of coefficients which are applicable across
all frequencies. For the examples described below we assume
acoustic sensors with a sound propagation speed of c = 342ms−1.
For an aperture of 20cm we find a useful frequency range of at
least 20Hz-5000Hz.

Figure 1 shows the result obtained for a linear array of omni-
directional sensors (5 or 3 sensors) with irregular spacing and an
aperture of 20 cm or 6 cm. The arrays were optimized to gener-
ate a maximum or a zero for a given respectively. We specified
only D = N conditions to guarantee that these would be satis-
fied exactly. Only 20 (and 10) Legendre coefficients were needed
to specify the 512 × N time/frequency domain filter coefficients.
This represents a significant reduction in the number of free pa-
rameters. Figure 2 compares the results obtained with a Legendre
basis and the ’naive’ basis as described in equations (19) and (20)
respectively. The Legendre basis uses 20 times fewer coefficients
without compromising the desired spatial response pattern.

We close by noting that the instability in the inverse discussed
above results in rather large gains which may arbitrarily magnify
sensor noise. Future work will present a solution that regularizes
the inverse by considering additive noise. This will also prevent
the need to manually select an operating bandwidth.
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Figure 2: Magnitude response of frequency-invariant filter array.
Left showing ’naive’ parametrization and right the parametriza-
tion with Legendre basis. The 5 sensors are positioned at rn =
0, 5, 7.5, 17.5, 18.7 in cm. Desired response specified as fd =
1, 0, 1, 1 for angles θd = −81o,−36o, 9o, 54o.
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